This article offers some analytical results concerning simplified models of Raibert's hopper. We represent the task of achieving a recurring hopping height for an actuated "ball" robot as a stability problem in a nonlinear discrete dynamical control system. We model the properties of Raibert's control scheme in a simplified fashion and argue that his strategy leads to closed-loop dynamics governed by a well-known class of functions, the unimodal maps. The rich mathematical literature on this subject greatly advances our ability to determine the presence of an essentially globally attracting fixed point-the formal rendering of what we intuitively mean by a "correct" strategy. The motivation for this work is the hope that it will facilitate the development of general design principles for "dynamically dexterous" robots.
Introduction
This article concerns the steady-state behavior of a &dquo;hopping ball&dquo; controlled by sensory feedback to achieve a stable periodic motion in the earth's gravitational field. We take as inspiration and as point of departure the pioneering work of Raibert, whose successful implementation of simple yet appropriate control procedures has resulted in working physical prototypes of stable hopping, running, and cantering gaits (Raibert 1986 ). The most striking feature of these control algorithms is their minimal dependence on &dquo;higher level&dquo; intelligence or planned reference trajectories and elegant reliance on the intrinsic dynamical characteristics of actuators and masses. An understanding of the capabilities and limits of such approaches to robot task specification and control seems essential to the reliable construction of &dquo;dynamically dexterous robots&dquo; in general.
This last phrase we understand to mean the problem of robotic interaction with incompletely actuated environments (i.e., the absence of a continuous control input at every degree of mechanical freedom) whose dynamical structure changes in response to the robot's actions. Our article focuses on the problem of articulating design principles for this task domain: we attempt to account in some measure for the experimental success of Raibert's control strategies by adopting a formal representation of the problem and reasoning within it. Such a project, of course, is guaranteed to encounter the inevitable conflict between physical accuracy and analytical tractability, and it is just this tension that the article explores. Apart from its academic interest-perspective in &dquo;hindsight&dquo;-this effort to understand the operating principles of an existing robot is applicable to independent work that we are pursuing in the analysis and control of a throwing, catching, and juggling robot (Buhler et al. 1989 (Buhler et al. , 1990 . Our ultimate goal lies in a unified body of theory for robotics in intermittent dynamical environments that explains and is supported by representative experiments. Concretely, this article presents a stability analysis of certain discrete dynamical systems that arise from extremely simplified models of Raibert's Perhaps the principal contribution of this article is the hint it gives of a unifying stability mechanism for tasks involving intermittent dynamical interactions. Despite the great differences in the two classes of models studied, both give rise to unimodal return maps. As a result of relatively recent mathematical analysis reported in Singer (1978) and Guckenheimer (1979) , it is possible to &dquo;read off&dquo; the global stability properties of such systems from a simple local computation. Thus the Raibert controller (or at least our models thereof), despite its dramatically nonlinear setting, admits conclusions (for example, about the effect of different gain settings) that are comparable in strength to those afforded by traditional linear systems theory. This fortunate circumstance is also obtained from our juggling algorithms (Buhler et al. 1989a (Buhler et al. , 1990 , which are loosely patterned on Raibert's ideas. Conceivably, then, the Raibert controller may offer a general paradigm for a practicable stability mechanism in complex robotic applications.
The article is organized as follows. This introduction continues with a brief review of the literature followed by a formal problem statement. Section 2 offers an overview of our methods and results delivered at the tutorial level. In section 3 we derive the two models of the Raibert hopper that form the central concern of the article. They are examined analytically in section 4. A brief conclusion, section 5, assesses the larger implications of this work.
Review of the Related Literature
If research in dynamical task domains is rare, then a strong reliance on the intrinsic dynamics of the robot and environment to achieve the task is even more so. Following Raibert's pioneering investigations, one can begin to see a growing interest in statically unstable gaits in the legged-robot literature (Miura and Shimoyama 1984; Miura et al. 1985; Furusho and Masubichi 1987) . By and large, however, this work retains the traditional reliance on an a priori determined reference trajectory for each limb that the control system then forces the machine to track. A similar approach characterizes much of the wider research in dynamically dexterous robot tasks. For example, both the ping-pong robot of Andersson (1988) Although much of their research has concerned quasi-static task domains (Mason 1986; Taylor et al. 1987) , some very suggestive ideas have been presented for the dynamical case as well (Wang and Mason 1987) . Fundamental work on passive dynamical walking machines (McGeer 1990) (Buhler et al. 1989b (Buhler et al. , 1990 . In this research we had intuitively applied Raibert's notion of servoing around the total energy and had achieved empirical success but found that the standard linear stability arguments were not applicable (Buhler et al. 1989a ). Having completed the work reported here, we were motivated to go back and study the nonlinear properties of the juggling algorithm (Buhler and Koditschek, 1990) . Surprisingly, we found exactly the same underlying stability mechanism operating there as here: the strong global properties of unimodal return maps.
Since our original report of this work (Koditschek and Biihler 1988; Buhler and Koditschek 1988 ), a number of colleagues have begun to follow a similar line of inquiry. Vakakis and Burdick (1990) (Raibert 1986) . Our juggling robots (Buhler et al. 1989b (Buhler et al. , 1990 employ a variant of Raibert's idea to actively servo around measured errors between the present and the desired total energy. However, Raibert's (1986) Figure 1 shows that E* is globally asymptotically stable in this case. (15) Singer (1978) , whose observations were greatly expanded by Guckenheimer (1979) . Their results (as presented, for example in the tutorial by Collet and Eckmann [1980] ) apply to a very particular class of unimodal functions, f , which preserve the interval [ -t , 1]. These S-unimodal maps increase strictly toward a unique maximum at 0 and decrease strictly over the remainder of the interval. Moreover, they have a negative Schwartzian Derivative (Singer 1978 (Guckenheimer 1979 (1978) showed that S-unimodal maps can have at most one attracting periodic orbit. Guckenheimer (1979) showed that the domain of attraction of such Figure 3 . In section 4.1 we will introduce the change of coordinates (18) (not a projective linear transformation) plotted in Figure 4 . Its conjugate (19) , plotted in Figure 5 , has a negative Schwartzian (18) introduced to obtain from (15) (plotted in Figure 3) (Devaney 1987 (9) is close to the complete nonlinear model and is shown in Figure 11 . Here we have again neglected losses caused by the acceleration of the leg mass at liftoff. Now, all energy dissipation occurs in the (presumably spurious) potential-dissipation regime. In fact, the trajectory's bottom position enters alternatively in the energy dissipation and the energy addition region and converges to the bottom position where the pressure in the leg as a result of compression is exactly equal to the thrust pressure. Interestingly enough, our analysis in section 4.1 shows that the stability mechanism of the fixed point of (9) does not rely on entering the energy dissipation regime: by introducing a leg mass, the qualitative behavior remains unchanged, while the fixed point moves away from the dissipation regime.
The linear spring version (10) of the robot model was adopted to permit an analysis involving a different energy loss mechanism than afforded by the previous version. The complete model is simulated in Figure 8 , with the parameter settings reported in Figure 9 , whereas the simulation plotted in Figure  10 has parameter values closer to those of Figure 8 , yet presents a more distorted phase portrait.
Two Return Maps
In this section, we derive from the oscillatory dynamics above two simplified discrete dynamical models of Raibert's hopper-the return maps introduced in section 2-that summarize the manner in which the energy at one hop determines the energy Figure 3 The Linear Spring System Alternatively, consider the linear spring system (10). In addition to the assumptions in section 3.1, we will now assume that the spring constant ni has been chosen, along with the relaxation position, Xo, to place the zero potential energy position exactly on the ordinate of the original coordinate system. These assumptions may be rendered analytically as where we use the parameterization introduced in (1) for convenience below.
Under these assumptions system (10) takes the form We will find it convenient to integrate system (16) using polar coordinates obtained from a normalized version of total energy, E, and mechanical phase, 0, reviewed in Appendix section A.1. At time tb, the bottom of the stance phase, suppose the hopping ball is at state ( -Xb , 0), with energy Set the value of the normalized phase angle at this bottom point to be ob = 7T, so that the angle at the next bottom point will be 8g,next = -7T (notice that 0 decreases with time). The task now at hand is to determine the value of the normalized energy at the next bottom point, Eb,n~Yt, as a function of its previous value, Eb .
According to (16) Thus we obtain a first-order discrete nonlinear dynamical system in the normalized energy at successive bottom points, E,, , 1 = .f(En).
This function is plotted in Figure 2 Figure 4 , h : (0, XI) z (0, 00), given by whose inverse is
The conjugate, f °--h O g h -' takes the form f (E) = o~exp{-E}; a ~ TXr~~~71~ (19) and was plotted in Figure 5 .4
4. It is interesting to note that this function has been examined in the context of biological population dynamics (Guckenheimer et al. 1977) . (Singer 1978) In the derivation of (17) Figure 13 . In point of fact, Raibert has reported such &dquo;limping gaits,&dquo;5 but they seem to be associated with oscillations produced by higher degrees of freedom that do not appear in any of our simplified models. Vakakis and Burdick (1990) itself it is necessary that p < 1 and hence both úJXt/ Xt < I and {3 < 1.
Proof' The image of k is exactly [0, ~r12] ; thus the conclusion that g preserves this interval follows from a demonstration that the image of g is contained within the domain of k-that is, we require R (c) -.5 1/p. 
